Abstract. In this paper we calculate the K-theory of C * -algebras given by the norm-closures of spaces of bisingular pseudodifferential operators. We obtain results for the global bisingular calculus in the flat (R n 1 +n 2 ) case.
Introduction and preliminaries
The bisingular pseudodifferential operators were introduced in 1975 by L. Rodino. The bisingular calculus defines pseudodifferential operators on the cartesian product X × Y of two compact smooth manifolds X and Y . This includes for example the external product P 1 ♯P 2 of two pseudodifferential operators. Together with the multiplicative property of the Fredholm index this was a motivation for the introduction of a general bisingular calculus. See e.g. [2] and the references contained therein. Based on this, in [1] , there is described a global version of the calculus on the product R n 1 × R n 2 extending the Shubin calculus. In this note we consider the C * -algebras of completed pseudodifferential operators obtained from the global bisingular calculus. Our main aim is to then calculate the K-theory of these algebras. In the ordinary case of the Shubin calculus on R n the K-theory is easily calculated from an exact sequence which is induced by the principal symbol map. The bisingular calculus by contrast has two operator-valued symbols which take values in a non-commutative symbol algebra. We will now explain more precisely the difference between these two cases. First recall the construction of the standard exact sequence of pseudodifferential operators defined on R n . Let G m (R n ) denote the classical pseudodifferential operators (operators of Shubin type) of order m ∈ R. Denote by A the completion of
We obtain a C * algebra and the completion of
) the principal symbol map and σ : A → C(S 2n−1 ) its continuous extension. We have the following short exact sequence
By comparison consider now the global bisingular calculus. Here we will consider algebras G m 1 ,m 2 (R n 1 × R n 2 ) of the orders m 1 ∈ R and m 2 ∈ R which generalize the before mentioned Shubin calculus to products R n 1 × R n 2 . It turns out that taking completions with regard to L(L 2 (R n 1 × R n 2 )) we find G −1,−1 (R n 1 × R n 2 ) = K the compact operators on L 2 . If we set A := G 0,0 we will prove the exactness of the sequence
with a non-commutative symbol-algebra Σ and the extended direct sum principal symbol map σ 1 ⊕ σ 2 . The algebra Σ can be viewed as a C * -algebra pullback, i.e. a restricted direct sum of C(S 2n 1 −1 , G 0 (R n 2 )) and C(S 2n 2 −1 , G 0 (R n 1 )). We will then calculate the K-theory of Σ.
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Global bisingular operators
For m 1 , m 2 ∈ R we denote by Γ m 1 ,m 2 (R n 1 +n 2 ) the symbol class which consists of a ∈ C ∞ (R 2n 1 +2n 2 ) such that for all multi indices α i , β i there is a constant C > 0 with
The operator P :
Such an operator has a continuous extension
We denote by G m 1 ,m 2 (R n 1 +n 2 ) the algebra of bisingular operators of order (m 1 , m 2 ) so obtained. It is instructive to mention that the class Γ 0,0 (R n 1 +n 2 ) is contained in the Hörmander class S 0 0,0 (R n 1 +n 2 ). For the detailed calculus the reader is referred to [1] . In the bisingular calculus there are two principal symbols. The symbol maps are denoted by
Here and in what follows we only consider classical operators and symbols with homogenous principal part. Denote by σ R n 1 , σ R n 2 the principal symbol map of G m 1 (R n 1 ) and G m 2 (R n 2 ) respectively. Then define in each case the pointwise principal symbol maps
We also require for each P ∈ G m 1 ,m 2 the conditioñ
to hold.
where
The following sequence is exact
, Def. 2.1.) it follows that a ∈ Γ m 1 −1,m 2 and also a ∈ Γ m 1 ,m 2 −1 . Now we use that a is classical in the sense that we can find a k homogenous of degree
Therefore by considering k = 0 we can write
and henceã 0 is also of order m 1 − 1. But this implies thatã 0 = 0 and analogously,
There are two maps
which are right-inverse to op i : 
Where symb i are the pointwise evaluations of symb i for i = 1, 2. Choose two smooth cut-off functions near 0 on R 2n 1 , R 2n 2 respectively: χ 1 , χ 2 and set
Then σ 1 (op(a)) = F and σ 2 (op(a)) = G (cf. [1] , Def. 1.6 iii)). Hence σ 1 ⊕ σ 2 is surjective and the exactness of (2.3) is established.
Completed Algebras
In what follows we want to consider the completions of the bisingular operator algebras introduced in the last section. In particular, we want exact sequences as in (2.3) for the completed algebras.
All the results that follow not including the main Theorem can be generalized without non-trivial modifications to the bisingular calculus on compact smooth manifolds.
Lemma 3.1. i) Completion with respect to the bounded linear operators on L 2 (R n 1 × R n 2 ) yields
ii) The algebra tensor product
with regard to the Fréchet topology.
Proof. i) We repeat the standard argument for the benefit of the reader. We have
) which is in turn dense in the compacts K. ii) Note that Γ −∞,−∞ (R 2n 1 +2n 2 ) is dense in Γ m 1 ,m 2 (R n 1 +n 2 ). From the inclusions Γ −∞,−∞ ⊂ S −∞ 0,0 ⊂ S(R 2n 1 +2n 2 ) it follows that Γ −∞,−∞ ⊂ S(R 2n 1 +2n 2 ). But S(R 2n 1 +2n 2 ) is topologically isomorphic to S(R 2n 1 )⊗S(R 2n 2 ) where⊗ denotes the completed projective tensor product. As S(R 2n 1 )⊗S(R 2n 2 ) ⊂ Γ m 1 (R n 1 ) ⊗ Γ m 2 (R n 2 ) it follows that Γ −∞,−∞ is also contained in Γ m 1 ⊗ Γ m 2 . This implies the required density. Notation 3.2. Throughout the rest of this paper we fix the following notation. Define the respective L(L 2 ) completions
For i = j = −1 by the Lemma we have A −1,−1 = K, the compact operators on the Hilbert space L 2 (R n 1 × R n 2 ).
Corollary 3.3. The completion of A 1 ⊗ A 2 with respect to any C * -tensor norm is isomorphic to A. Also the completion of K 1 ⊗ K 2 is isomorphic to K.
Proof. We endow the algebraic tensor product A 1 ⊗ A 2 with the spatial tensor product norm σ (c.f. [3] , Def. T.5.16). Since we have two injective
given by the inclusions it follows that the dense homomorphism
As extensions of nuclear C * -algebras A 1 and A 2 are nuclear (c.f.
[3], Thm. T.6.27 and (1.1)). Therefore the isomorphism holds for any C * norm on the tensor product. The same argument applies to the case
From now on we write for this reason A 1 ⊗ A 2 for the C * -tensor product and identify A 1 ⊗ A 2 with A. In the same way we identify K 1 ⊗ K 2 with K.
In view of the continuous extensions σ R n 1 : . (1.1) ) the pointwise principal symbol maps are given bỹ
The completed symbol-algebra Σ is obtained as the restricted direct sum of C(S 2n 1 −1 , A 2 )⊕ C(S 2n 2 −1 , A 1 ) together with condition (2.2). First we define the projections π 1 , π 2 from Σ 0,0 onto the first, respectively second component. We denote the continuous extensions of these projections by the same symbols (for simplicity).
With this Σ is a C * -algebra with norm:
The pullback Σ can thus be written in terms of the following diagram:
Then consider the two short exact sequences:
This is already enough information to construct the pullback Σ (up to isomorphism) and identify it with A/K.
Consider the following diagram which is put together by tensoring of the standard exact sequences and application of quotient mappings:
Here we denote byΣ a pullback
The map q is well-defined as follows:
Also q is surjective: Let (F, G) ∈Σ and choose x ∈ A 1 ⊗A 2 such that (σ R n 1 ⊗id)(x) = F . Theñ
Now the continuous extension of σ 1 ⊕ σ 2 is denoted by σ. We see that σ is surjective because (σ 1 ⊕ σ 2 )(P * ) = (σ 1 ⊕ σ 2 )(P ) * and σ 1 ⊕ σ 2 is surjective. Also K ⊂ ker σ by Prop. 2.2. Then q restricted to G 0,0 agrees with σ 1 ⊕ σ 2 which implies ker σ ⊂ K. Finally, by uniqueness of the pullback Σ is isomorphic toΣ. We obtain with this the following result.
Proposition 3.4. We have an isomorphism A/K ∼ = Σ induced by the continuous extension σ of the direct-sum principal symbol.
Remark 3.5. As the isomorphism induced by σ 1 ⊕ σ 2 (continuous extensions) is automatically isometric we obtain the norm-equality
which is an expected standard result for a pseudodifferential calculus.
Next we will calculate the K-theory of the completed algebras.
With the isomorphisms already established in i) we just have to calculate the maps on the generators of Z ⊕ Z in each case. So we denote by [
This follows since from the short exact sequence 0 → K 1 → A 1 → C(S 2n 1 −1 ) → 0 and similarly for A 2 , we see that the generators of
To prove this observe that 
It follows
where ∆ denotes the diagonal in Z 2 . Finally, we calculate the K-theory of A ∼ = A 1 ⊗A 2 by again applying Künneth's theorem. This yields K 0 (A) ∼ = Z, K 1 (A) ∼ = 0.
Remark 3.7. If we analyse the proof of Theorem 3.6 we can easily write down the index formula by integrating the Chern character. Note that the exponential map ǫ in the Mayer Vietoris sequence is onto with constant kernel. Therefore it is given by the projection (k, l) → l. Denote by β : Z → Z 2 a splitting, i.e. a right-inverse homomorphism to ǫ. E. g. we can choose β(l) := (l · m, l) for some fixed m ∈ Z. For an operator P ∈ A with ind(P ) = 1 then the topological and analytical index are equal.
